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We discuss the counting of Nambu-Goldstone (NG) modes associated with the spontaneous break-
ing of higher-form global symmetries. Effective field theories of NG modes are developed based on
symmetry breaking patterns, using a generalized coset construction for higher-form symmetries.
We derive a formula of the number of gapless NG modes, which involves expectation values of the
commutators of conserved charges, possibly of different degrees.
Introduction.—Spontaneous symmetry breaking (SSB)
is a common thread of modern physics running through
various fields from condensed-matter to high-energy
physics. When continuous symmetries are spontaneously
broken, gapless excitations appear and they are called the
Nambu-Goldstone (NG) modes [1–3] (see Ref. [4] for a re-
cent review). Due to their gapless nature, they dominate
the low-energy physics. In relativistic systems, there is
a one-to-one correspondence between a broken generator
and a gapless mode. However, the Lorentz symmetry
is not present in many physically-interesting situations,
especially in condensed-matter systems. In the absence
of Lorentz invariance, the one-to-one correspondence no
longer holds [5–8] and the number of NG modes NNG can
be smaller than the number of broken symmetry genera-
tors NBS [9–14],
NNG = NBS −
1
2
rank ρab, (1)
where ρab is the matrix of the expectation value of charge
commutators, ρab ∝ 〈[iQa, Qb]〉.
Recently, those symmetries are understood as a part
of a wider class of symmetries, called higher-form sym-
metries [15] (see also [16–27]). The defining feature of
higher-form symmetries is that charged objects under
those symmetries are extended: The charged objects for
a p-form symmetry are p-dimensional. From this point
of view, an ordinary symmetry corresponds to a 0-form
symmetry, whose charged objects are point-like. This
concept provides us with a unifying perspective, and has
been used in describing topological orders [15, 28–31], for-
mulating the magnetohydrodynamics [32–35], and realiz-
ing a new class [15, 36, 37] of Symmetry Protected Topo-
logical phases [38]. Similarly to the ordinary symme-
tries, when a continuous higher-form symmetry is spon-
taneously broken, gapless excitations appear [15, 39]. In
fact, photons are understood as the NG bosons associated
with the spontaneous breaking of a U(1) 1-form symme-
try [15, 40].
The question we would like to address in this Letter
is: How many gapless NG modes appear when the higher-
form symmetries are spontaneously broken? To answer
this, we develop effective field theories by extending the
coset construction [41, 42], which is widely used for or-
dinary symmetries. In the case of higher-form symme-
tries, the counting of the number of physical NG modes
becomes involved because of the gauge degrees of free-
dom. We derive a generalized counting formula of gapless
NG modes for systems that are not necessarily Lorentz-
invariant, which reduces to Eq. (1) when all the symme-
tries are 0-form symmetries.
SSB and coset construction.—We consider the sponta-
neous breaking of continuous internal symmetries that
can include higher-form symmetries in D-dimensional
Minkowski spacetime, R1,D−1. We assume that the
translational symmetry is unbroken. We label each of
the broken generators by A, that generates a pA-form
symmetry. For pA ≥ 1, the symmetry is always Abelian.
Let us denote the the charged object for the pA-form
symmetry by WA(CpA), which is supported on a closed
pA-dimensional submanifold CpA . In the case of a U(1)
symmetry, the action of the symmetry is
WA(CpA) 7→ e
iαWA(CpA). (2)
The spontaneous breaking of the symmetry A is diag-
nosed by Coulomb or perimeter behavior the vacuum ex-
pectation value,
〈WA(CpA)〉 ∼ 1 or 〈WA(CpA)〉 ∼ e
−T perimeter [CpA ],
(3)
where perimeter [CpA ] is the pA-dimensional volume of
CpA , and T is the tension.
We would like to construct the low-energy effective
field theory based on the symmetry breaking patterns
of higher-form symmetries. The coset construction is a
powerful technique to write down the action of the effec-
tive theory systematically for ordinary symmetries [41–
44] and also for spacetime symmetries [45–49]. The ba-
sic building block for this method is the Maurer-Cartan
21-form. To apply the coset construction to higher-form
symmetries, we need the corresponding object. For a pA-
form symmetry breaking, we define a generalized Maurer-
Cartan form fA, which is a (pA + 1)-form, by
ei
∫
X
fA :=W †A(CpA)WA(C
′
pA
), (4)
where WA(CpA) = exp(i
∫
CpA
aA) is a generalization of
coset variables, and X is a (pA+1)-dimensional subspace
such that ∂X = CpA ∪ (−C
′
pA
). For a 0-form symmetry,
the left-hand side of Eq. (4) should be understood as a
path-ordered product. The generalized Maurer-Cartan
form fA should satisfy the flatness condition dfA = 0,
since the right-hand side of Eq. (4) is independent of
the choice of the interpolating manifold X . The corre-
sponding equation for a 0-form symmetry is the Maurer-
Cartan equation. Since fA is a closed (pA + 1)-form,
it can be regarded as the conserved current of the dual
(D − pA − 2)-form symmetry, which is emergent in the
symmetry-broken phase. The coset variable has a gauge
redundancy under aA → aA+dθA, where θA is a (pA−1)-
form gauge parameter, because aA is integrated over a
closed subspace CpA . A symmetry transformation shifts
the field aA by a flat connection, aA 7→ aA+λA∗1. Using
the generalized Maurer-Cartan form as a building block,
we can obtain effective actions by writing down the terms
consistent with the spacetime symmetry of the systems of
interest. More details on this construction will be given
elsewhere [50].
Generalized counting rule.—We here present the gen-
eralized counting rule of gapless NG modes associated
with spontaneously broken higher-form symmetries. In
Lorentz-invariant systems, the number of gapless modes
for a broken generator A of a pA-form symmetry is given
by [51, 52]
ND,A = D−2CpA , (5)
in D-dimensional spacetime. In the absence of Lorentz
invariance, the number can be reduced. In this Letter,
we show that the total number of gapless NG modes is
given by
NNG =
∑
A
ND,A −
1
2
rankMαβ, (6)
where the summation is over all the broken generators∗2.
Here,Mαβ is an anti-symmetric matrix, whose definition
∗1 For a 0-form symmetry, aA is a 0-form and the symmetry trans-
formation is a constant shift, to the leading order in the number
of fields.
∗2 In the summation, one does not need to include the dual symme-
try, since it does not exist in the UV and has rather emerged as
a consequence of SSB. For example, in the Maxwell theory, the
U(1)
[1]
m magnetic 1-form symmetry is broken as well as U(1)
[1]
e
symmetry, and there is a mixed ’t Hooft anomaly between them.
The breaking pattern and the anomaly can be reproduced by
introducing an NG mode of either U(1)
[1]
e or U(1)
[1]
m symmetries.
will be given below. Let us first define a quantity propor-
tional to the expectation values of charge commutators,
MAB(VA, VB) :=
〈 [iQ
[pA]
A (VA), Q
[pB ]
B (VB)] 〉
vol [VA ∩ VB ]
. (7)
Here, we denote the conserved charge associated with the
generator A as Q
[pA]
A (VA), which is supported on a (D −
pA − 1)-dimensional subspace VA located in the spatial
slice Σ, and vol [V ] indicates the volume of a subspace
V . To account for the independent choices of subspaces
VA,B, we shall consider the following matrix,
M
i1···ipA ,j1···jpB
AB := lim
Vi1···ipA
→∞
Vj1···jpB
→∞
MAB(Vi1···ipA , Vj1···jpB ),
(8)
where indices of Vi1···ipA specify a (D − pA − 1)-
dimensional plane placed inside the (D− 1)-dimensional
spatial manifold Σ. The indices i1, · · · only take spatial
ones and is ordered, i1 < i2 < · · · < ipA . For example,
in the case of a 1-form symmetry in 4-spacetime dimen-
sions, i.e., D = 4 and pA = 1, the symmetry generator is
2-dimensional plane and Vi represents the plane perpen-
dicular to the i-axis for i = x, y, z. In taking the limit,
we first take Vi1···ipA →∞ and then take Vj1···jpB →∞.
We collectively denote the indices using the Greek let-
ters as α :=
(
A, (i1, · · · , ipA)
)
. With this notation, the
matrix (8) is denoted as Mαβ, that appears in the for-
mula (6). Mαβ is a real anti-symmetric
∗3 square matrix
of dimension
∑
A D−1CpA . Its rank is always even, and
(rankMαβ)/2 is an integer. For a higher-form symme-
try, a generator is supported on a closed subspace of di-
mension less than D − 1. When we place them in the
spatial slice Σ, we have to specify how to place it, which
is the role of the indices (i1, · · · , ipA). Thus, the matrix
Mαβ contains the information of the expectation values
of charge commutators, including how to place them, and
that determines the number of gapless modes.
The formula (6) is a natural generalization of the one
for 0-form symmetries [9–11]. When all the symme-
tries are 0-form symmetries, pA = 0 for all A, then∑
AND,A =
∑
A 1 = NBS, and all the symmetry gener-
ators are supported on a (D − 1)-dimensional subspace,
Q
[0]
A (VD−1). Then, the formula (6) reduces to the count-
ing rule (1) for 0-form symmetries.
Let us make a comment on the dispersion relations.
For 0-form symmetries, the NG modes are classified
into type A and B, and they typically have linear
and quadratic dispersion relations, respectively. When
higher-form symmetries are involved, it is still possible
to classify the modes into type A and B, but it is not
∗3 When the space-time symmetry is involved, there are examples
where the charge commutator is not anti-symmetric [53].
3clear if we can associate this to the behavior of dispersion
relations in general. For example, whether the dispersion
is linear or quadratic may depend on the direction of the
propagation, as can be seen in an example discussed later
[see Eq. (14)].
Examples.—To illustrate the coset construction and
the counting rule, let us confirm that the photons are NG
modes associated with a U(1) 1-form symmetry, which
we denote by U(1)
[1]
e . When U(1)
[1]
e is spontaneously
broken, the coset variable is defined on a loop C and can
parametrized as W (C) := ei
∫
C
a, which is nothing but
the Wilson loop. Since it is defined on a loop, the field
a has a gauge redundancy, a 7→ a + dθ0, with a U(1)
0-form parameter eiθ0 . Therefore, we can identify a as a
U(1) 1-form gauge field. The U(1)
[1]
e transformation of
a is locally given by a 7→ a + λ1 with a flat 1-form λ1.
The generalizedMaurer-Cartan form f is defined through
ei
∫
S
f :=W †(C)W (C′), where C and C′ are loops, and S
is a 2-dimensional surface with ∂S = C′ ∪ (−C). We can
identify f as f = da, and the flatness condition df = 0
is nothing but the Bianchi identity. In the Lorentz-
invariant case, the gauge-invariant term with the lowest
number of derivatives is given by
−
1
2e2
f ∧ ⋆f, (9)
where e is a coupling constant, and ⋆ is the Hodge star
operator. This is nothing but the Maxwell theory. There
are D−2C1 gapless excitations in D spacetime dimensions
(two photons for D = 4), which is consistent with the
formula (6).
As a second example, let us consider photons in the
presence of the gradient of the θ angle in (3 + 1) dimen-
sions [54], whose Lagrangian is given by
−
1
2e2
f ∧ ⋆f +
c
2
θf ∧ f, (10)
where c is a constant. The theory has U(1)
[1]
e symme-
try as in the case of the Maxwell theory, and the cor-
responding conserved charge is identified as Q
[1]
e (S) =
1
e2
∫
S
⋆f − c
∫
S
θf. This symmetry is spontaneously bro-
ken, and Q
[1]
e (S) is a broken generator. Due to the pres-
ence of the nonvanishing dθ, the charge Q
[1]
e (S) becomes
non-commutative,
〈[iQ[1]e (S1), Q
[1]
e (S2)]〉 ∝
∫
S1∩S2
dθ 6= 0, (11)
where S1, S2 ⊂ Σ are 2-dimensional surfaces located in-
side the spatial manifold Σ. Let us organize the charges
as a vector, Qi =
(
Q
[1]
e (Sx), Q
[1]
e (Sy), Q
[1]
e (Sz)
)T
, where
Si is the surface perpendicular to i-axis. The charge com-
mutator matrix is given by
Mij = 〈[iQi, Qj ]〉 ∝ ǫijk∂kθ, (12)
where the gradient ∂kθ is constant. The rank of this
matrix is 2, and the number of gapless NG modes via the
formula (6) is
NNG = 2−
1
2
rankMij = 1. (13)
This coincides with the result obtained by explicitly solv-
ing the equations of motion (EOM). There are one gap-
less and one gapped modes [54], whose gap squared is
given by ω2(k = 0) = C2. Here, C := |C| is the length of
the vector C := −ce2∇θ. The behavior of the dispersion
relation depends on the direction of the momentum k.
When the angle of k and C is φ, the dispersion relation
at small k = |k| is (see the Supplementary Material)
ω2(k) =
{
(sin2 φ) k2 + cos
4 φ
C2
k4 +O(k6),
C2 + (2 − sin2 φ)k2 +O(k4).
(14)
The dispersion relation of the gapless mode is quadratic,
ω ∼ k2, only when sinφ = 0 (k is parallel to C), and is
linear, ω ∼ k, for other angles.
A similar interpretation is possible for the system of
neutral pions in the presence of background magnetic
field [55, 56], where the commutators of 0-form and 1-
form symmetry generators acquire expectation values.
Derivation.—Let us now give the derivation of the
counting formula (6). For pA ≥ 1, the higher-form sym-
metry is Abelian, so fA can be written as daA. For
a 0-form non-Abelian symmetry, fA includes non-linear
terms, that represent the interaction between NG modes.
For the counting of the modes, it suffices to consider
the linear order. Thus, we can also express the Maurer-
Cartan form for 0-form symmetry as fA = daA, and we
include indices of the Lie-algebra in A.
For Lorentz invariant systems, the kinetic terms are
written, to the lowest order in derivatives and fields, as
L0(daA) = −
1
2
F 2ABfA∧⋆fB = −
1
2
F 2ABdaA∧⋆daB, (15)
which is invariant under aA 7→ aA + λA. Here, F 2AB =
FCAFCB is a positive-definite symmetric matrix, and
FAB corresponds to the decay-constant matrix. The La-
grangian can also have topological terms of the form
GABfA ∧ fB, where GAB are flat coefficients. Those
terms do not contribute to the EOM, so they can be
dropped. Since we can diagonalize F 2AB, it suffices to
count the modes when one pA-form symmetry is sponta-
neously broken. The EOM and the flatness condition∗4
read
d†fA = 0, dfA = 0, (16)
∗4 The form fA is closed also for a non-Abelian 0-form symmetry
since we focus on the free part for the counting.
4where d† is the codifferential. One can immediately see
that the field strength satisfies ∆fA = 0,where ∆ :=
dd† + d†d is the Hodge Laplacian. In the momentum
space, the Hodge Laplacian is given by −ω2 + k2. Each
component of the field strength satisfies the wave equa-
tion, but not all of them are independent. The Bianchi
identity and EOM have D−2CpA+1 and D−2CpA−1 rela-
tions without time derivatives, and these are the con-
straints. The number of physical modes is given by the
number of components of the field strength, DCpA+1, mi-
nus the number of constraints. Since the physical modes
consist of pairs of these degrees of freedom, we find
ND,pA =
1
2
(DCpA+1−D−2CpA+1−D−2CpA−1) = D−2CpA .
(17)
Thus, the number of gapless modes in the Lorentz invari-
ant system is given by the sum of this number over each
generators,
Ngapless =
∑
A
ND,pA . (18)
Now let us discuss the case without Lorentz invariance.
The breaking of the Lorentz invariance means that there
are special directions in spacetime. We still assume that
the translational symmetry is not broken. A key observa-
tion here is that the absence of the Lorentz symmetry can
be represented as the presence of external objects placed
in the spacetime. This allows us to write additional terms
with one derivative,
L1(aA, fA) :=
1
2
fA ∧ aB ∧ ΩAB, (19)
where ΩAB is a flat d-form with d := D − pA − pB − 1.
The components of ΩAB satisfy ΩAB = −(−)pApBΩBA so
that they are not a total derivative. Those terms (19) are
invariant under symmetry transformations only up to a
total derivative, and are reminiscent of the Wess-Zumino
term [57, 58]. We assume here that the external defect
is located spatially, by which we mean that ΩAB does
not involve dx0. Unless both A and B are both 0-form
symmetries, the external defect ΩAB explicitly breaks the
spatial rotation symmetry, which can lead to direction-
dependent dispersion relations, as is seen in Eq. (14).
The terms with two derivative can also be more generic
compared to the relativistic case. Although such a defor-
mation leads to more generic dispersion relations, it does
not change the number of constraints, so the number of
physical gapless modes is unaffected. Thus, for the pur-
pose of the counting of the modes, it suffices to use the
following Lagrangian,
L = L0 + L1, (20)
where L0 is given by Eq. (15).
We can identify the existence of the terms (19) with the
non-vanishing expectation values of charge commutators.
The Noether current associated with the generator A is
given by
⋆ JA = −F
2
AB ⋆ fB + aB ∧ ΩAB. (21)
The symmetry generator is obtained by integrating the
current over a submanifold VD−pA−1 ⊂ Σ,
Q
[pA]
A (VD−pA−1) =
∫
VD−pA−1
⋆JA. (22)
Since the action is quadratic, the current commutator can
be readily computed using the canonical commutation
relations or the Ward-Takahashi identity as
〈[iQ
[pA]
A (VD−pA−1), Q
[pB ]
B (VD−pB−1)]〉
∝
∫
VD−pA−1∩VD−pB−1
ΩAB.
(23)
Now we are ready to discuss the number of physical
gapless modes. The EOM of the Lagrangian (20) are
written in the form of current conservation, d ⋆ JA = 0.
Let us write this with gauge-invariant variables f˜A =
FABfB as
d ⋆ f˜A = f˜B ∧ Ω˜AB, (24)
where Ω˜AB := FACΩCDFBD. If we write out Eq. (24)
explicitly with indices,
− ∂α(f˜A)µ1···µpAα
=
ǫµ1···µpA
ν1···νpB+1ρ1···ρd
(pB + 1)!d!
(Ω˜AB)ρ1···ρd(f˜B)ν1···νpB+1 .
(25)
In the relativistic case, we have
∑
A D−2CpA gapless
modes, but the presence of ΩAB makes a part of them
gapped. We shall here count the number of gapped
modes. For this purpose, we write Eq. (25) in the en-
ergy/momentum space and take k = 0 and ω 6= 0,
−iω (f˜A)i1···ipA0
= ǫi1···ipA
j1···jpB 0k1···kd(Ω˜AB)k1···kd(f˜B)j1···jpB 0,
(26)
where the Roman indices i1, · · · , j1, · · · , k1, · · · are spa-
tial ones. The sum of the indices is implicitly taken such
that they satisfy k1 < k2 < · · · < kd, and j1 < j2 < · · · <
jpB , which removes the redundancy in the sum. Let us
introduce a matrix notation
M˜
i1···ipA ,j1···jpB
AB = ǫi1···ipA
j1···jpB 0k1···kd(Ω˜AB)k1···kd .
(27)
Then we have
− iω (f˜A)i1···ipA0 = M˜
i1···ipA ,j1···jpB
AB (f˜B)j1···jpB 0. (28)
By using the short-hand notation, α := (A, (i1, · · · , ipA)),
it can be further written as−iω f˜α = M˜αβ f˜β. The matrix
5M˜αβ is antisymmetric, and it can be always transformed
to the following form by an orthogonal matrix O,
OM˜OT =

iσ2λ1
. . .
iσ2λm
0
 , (29)
where σ2 is the second Pauli matrix, m := (rank M˜αβ)/2,
and λi 6= 0 for i = 1, · · · ,m. Each 2 × 2 sector in the
upper-left part gives a gapped mode. For example,
− iω
(
f˜α=1
f˜α=2
)
=
(
0 λ1
−λ1 0
)(
f˜α=1
f˜α=2
)
, (30)
represents a gapped excitation whose gap is given by
ω2 = λ21. Thus, the number of gapped modes is given
by
Ngapped =
1
2
rank M˜αβ =
1
2
rankMαβ, (31)
whereMαβ is defined similarly to M˜αβ by replacing Ω˜AB
with ΩAB in Eq. (27), and we used the fact that FAB is
invertible. The matrixMαβ is nothing but the matrix (8).
Since the presence of L1 does not change the number of
physical degrees of freedom, the number of gapless modes
in the absence of Lorentz invariance is given by Eq. (18)
minus Eq. (31), which is the formula (6).
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SUPPLEMENTARY MATERIAL
Photons under a constant θ gradient
Here, we detail on the dispersion relation of a model
of photons under a space-dependent θ angle. The La-
grangian of the system we consider is
L = −
1
2e2
f ∧ ⋆f +
c
2
θf ∧ f
= −
1
4e2
fµνf
µνd4x−
c
8
θǫµναβfµνfαβd
4x,
(32)
where e is the coupling constant, fµν = ∂µaν−∂νaµ is the
field strength with the photon field aµ, c is a constant,
and ǫµνρσ is the totally antisymmetric tensor with ǫ0123 =
−1. The corresponding equations of motion are given, in
the non-relativistic notation, by
∇ · e = −C · b, (33)
−e˙+∇× b = C × e, (34)
∇ · b = 0, (35)
b˙+∇× e = 0. (36)
where e = (f01, f02, f03)/e and b = (f23, f31, f12)/e are
electric and magnetic fields, C = −ce2∇θ is taken to be a
constant vector, and we used ∂0θ = 0. From those equa-
tions, we can derive the following equations with second-
order derivatives,
−e¨+∇2e−∇(∇ · e)−C × e˙ = 0, (37)
−b¨+∇2b+C(∇ · e)− (C · ∇)e = 0. (38)
The corresponding equations in energy/momentum space
are
(ω2 − k2)e+ k(k · e) + iωC × e = 0, (39)
(ω2 − k2)b+ iC(k · e)− i(C · k)e = 0, (40)
where k := |k|. Let us here use the basis {kˆ, ǫ(1), ǫ(2)},
where kˆ is the unit vector in the direction of k, and two
transverse unit vectors are defined by
ǫ(1) :=
1
sinφ
kˆ × Cˆ, (41)
ǫ(2) :=
1
sinφ
(
cosφkˆ − Cˆ
)
∝ kˆ × (kˆ × Cˆ), (42)
where φ is the angle between C and k, and Cˆ := C/C
with C := |C|. The set {kˆ, ǫ(1), ǫ(2)} forms a right-
handed triple. We later use relations,
C · kˆ = C cosφ, C · ǫ(1) = 0, C · ǫ(2) = −C sinφ,
C × kˆ = −C sinφǫ(1), C × ǫ(1) = C
(
sinφkˆ + cosφǫ(2)
)
,
C × ǫ(2) = −C cosφǫ(1).
(43)
Since the equations of motion for the electric fields are
closed, let us use them to identify the dispersion relations.
We decompose e with the basis {kˆ, ǫ(1), ǫ(2)} as
e = χ0 kˆ + χ1ǫ(1) + χ2ǫ(2). (44)
Noting that
C × e = C ×
(
χ0 kˆ + χ1ǫ(1) + χ2ǫ(2)
)
= −C sinφχ0ǫ(1) + C
(
sinφkˆ + cosφǫ(2)
)
χ1
− C cosφǫ(1)χ2
= C sinφχ1kˆ − C (sinφχ0 + cosφχ2) ǫ(1)
+ C cosφχ1ǫ(2),
(45)
6we can write the equations of motion of the electric field
as
(ω2 − k2)e+ k2χ0kˆ
+ iωC
(
sinφχ1kˆ − (sinφχ0 + cosφχ2) ǫ(1) + cosφχ1ǫ(2)
)
= (ω2χ0 + iωC sinφχ1)kˆ
+
[
(ω2 − k2)χ1 − iωC(sinφχ0 + cosφχ2)
]
ǫ(1)
+
[
(ω2 − k2)χ2 + iωC cosφχ1)
]
ǫ(2)
= 0.
(46)
Since the basis vectors are independent, we have ω2 iωC sinφ 0−iωC sinφ ω2 − k2 −iωC cosφ
0 iωC cosφ ω2 − k2
χ0χ1
χ2
 = 0. (47)
We can identify the dispersion relations of two physical
modes as
ω2(k) =
1
2
(
C2 + 2k2 ±
√
C4 + 2C2k2(1 + cos 2φ)
)
.
(48)
At small k, they behave as
ω2(k) =
{
C2 + (2 − sin2 φ)k2 +O(k4)
sin2 φk2 + cos
4 φ
C2
k4 +O(k6)
. (49)
One mode is gapped and the other one is gapless. The
dispersion relation of the gapless mode is quadratic, ω ∼
k2, only when sinφ = 0, and is linear, ω ∼ k, for other
angles.
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